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REMARK ON CALDERON’S PROBLEM FOR THE SYSTEM OF 

ELLIPTIC EQUATIONS 

O. YU. IMANUVILOV AND M. YAMAMOTO 


Abstract. We consider the Calderon problem in the case of partial Dirichlet-to-Neumann 
map for the system of elliptic equations in a bounded two dimensional domain. The main 
result of the manuscript is as follows: If two systems of elliptic operators generate the same 
partial Dirichlet-to-Neumann map the coefficients can be uniquely determined up to the 
gauge equivalence. 


1. Introduction 

Let 0 be a bounded domain in R 2 with smooth boundary, let T be an open set on dfl and 
r 0 = Int(dQ \ T). Consider the following boundary value problem: 

(1.1) L(x, D)u = Aw + 2Ad z u + 2Bd s u + Qu = 0 inf], u|r 0 = 0, u\f — f. 

Here u = (u \,..., un) be a unknown vector function and A, B , Q be smooth N xN matrices. 
Consider the following partial Dirichlet-to-Neumann map: 

Aa,b,q/ = d»u, where L(x, D)u = 0 in Q, w| ro = 0, u | f = /, 

where v is the outward unit normal to dLl. This inverse problem is the generalization of so 
called Calderon’s problem (see m), which itself is the mathematical realization of Electrical 
Impedance Tomography (EIT). The goal of this paper is to extend the result obtained in [2] 
for the above problem in three-dimensional convex domain, which states that the coefficients 
of two systems of elliptic equations which principal part is the Laplace operator and which 
produce the same Dirichlet-to-Neumann map can be determined up to the gauge equivalence. 
We have 

Theorem 1.1. Let Aj,Bj G C 5+Q (f2), Qj G C 4+ "(f2) for j = 1,2 and, some a G (0,1) and 
for the operators Lj(x, D ) of the form / DJI) with coefficients Aj, Bj , Qj and adjoint of these 
operators zero is not an eigenvalue. Suppose that Aa 1i b u q 1 = Aa 2 ,b 2 ,q 2 - Then 

(1.2) A 1 = A 2 and B x = B 2 on f, 
and there exists an invertible matrix Q G C 5+ "(f2) such that 


(1.3) 

Qlr = A 0*Q|f = 0, 

(1.4) 

A 2 = 2Q~ 1 <9=Q + Q -1 AiQ in O, 
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(1.5) 


B 2 = 2Q + Q 1 BiQ in 


(1.6) Q 2 — Q 1 QiQ + Q X AQ + 2Q 3 AicLQ + 2Q 3 -EhAQ in 12. 


The paper organized as follows. In section 3 we construct the complex geometric optics 
solutions for the boundary value problem (1.1). In section 4 we prove some asymptotic for 
coefficients of two operators Lj(x,D) of the form (II.ip which generate the same Dirichlet- 
to-Neumann map. In section 5, from the asymptotic relations obtained in the section 4, it is 
proved that there exists a gauge transformation Q which preserves the Dirichlet-to-Neumann 
map and such that it transforms the coefficient Ai —> A 2 . Then for the coefficients operators 
Q“%(z, D) Q and L 2 (x , D ) we obtain some system of integral-differential equations. Finally 
in the section 6 we study this integral-differential equation and show that the operators 
Q~%(z, D) Q and L 2 (x,D ) are the same. 

Notations. Let i = y/—l and z be the complex conjugate of z G C. We set d z = 
2(^*1 )) A idx 3 ') and 


A A = — 


71 


3(£i,6) 

C-z 


d£id£ 2 , d z g = - 


7 r 


AA,A) 

C~z 


dC id&. 


For any holomorphic function $ we set <f>' = d z <I> and = d z <lK <f>" = d( <L.<I>" = 

Let t = (u 2l — vi) be tangential vector to <912. Let W 2 ’ T (Q) be the Sobolev space W 2 (12) 
with the norm IMI^-m^ = ||Vit||x, 2 (r 2 ) + MIMU 2 («)- Moreover by lirn^oo ^(AWx _ g an g 
II/(h)II y < Cr) as rj —* 00 with some C > 0, we define f{rj) = ox(v) and f{rj) = Ox(v) 
as 7] —* 00 for a normed space X with norm || • ||x, respectively. (3 = (A , A)> A G N+, 
\(3\ = A + A) d is the identity matrix. 


2. Construction of the operators Pb and Tb . 

Let A, B be an N x N matrix with elements from C' 5+a (f2) with a G (0,1). Consider the 
boundary value problem: 

(2.1) K(x,D)(U o ,U o ) = (2d z Uo + AUo,2d z Uo + BU o ) = 0 in 12, U 0 + U 0 = 0 on r 0 . 

Without loss of generality we assume that T is an ark with endpoints x±. 

We have 

Proposition 2.1. (see [?],) Let e be a positive number, A, B e C 5+a (f2) for some a G (0,1), 
T G C°°(dLl) fo.fc, ■ ■ ■, T 2 ,k G C 3 be arbitrary vectors and xi,...,Xk be mutually distinct 
arbitrary points from the domain 12. There exists a solution (U 0 ,U 0 ) G C 6+ “(f2) to problem 
A2. 1 )) such that 

(2.2) dlU 0 (x e ) = Ay Vj e {0, — , 5}, and Vi 7 G {1,..., fc}, 


lim 

X^X± 


ToMI 

x — x±| 98 


lim 

X^X± 


x — x± | 98 


0 


(2.3) 

and 

(2.4) 


ITo — ^Ilc5+“(r 0 ) ^ 
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We construct the matrix C and the matrix V as follows 


(2.5) C = (U 0 (l),..., U 0 (N)), V = (U 0 (l),U 0 (N)) e C 6+a (Q) 


and for any j G {1,..., N} 

(2.6) JC(x,D)(U o (j),U o (j)) = 0 mO, U 0 (j) + U 0 (j) = 0 on T 0 . 

By Proposition 12.II for the equation (12.6ft we can construct solutions ( Uq(J ), Uq(J )) such that 


U 0 (j)(x) = e j , VjG N}, 


where e) is the standard basis in . 

By Z we denote the set of zeros of the function q on Q : Z = {z £ Q; q(z) = 0}. Obviously 
cardZ < oo. By k we denote the highest order of zeros of the function q on O. 

Using Proposition 9 of [?] we construct solutions to problem (I3.9jl such that 

Uq\x) = 6j Vj G {1,..., N} and \/x G Z. 

Set V(x) = (U^\x), ..., Uq N \x)),C(x) = (Uq 1 \x), ..., Uq N \x)). Then there exists a holo- 
morphic function q such that defP = q(z)e~^ d * in O. Let Z = {z G 0; q(z) = 0} and k 
the highest order of zeros of the function q. 

By Uq\x) = €j for x G Z, we see that Z (1 Z = $. Therefore there exists a holomorphic 
function r(z) such that r\z = 0 and (1 — r)|j? = 0 and the orders of zeros of the function r 
on Z and the function 1 — r on Z are greater than or equal to the max{/c, k}. 

We set 

(2.7) P A f = tpar'fp-V/) + l -Vd:HV-\l - r)f). 


Then 

PH = -y( v-'yszWf) - \(i - r )(p-‘)*£f‘(P*/)- 

For any matrix A G C' 5+a (U),a G (0,1), the linear operators P A , P a £ U(L 2 (h2), Wg(^)) 
solve the differential equations 


(-2cb + A*)P\g = g in Q ( 2d~ + A)P A g = g in fl 
In a similar way, using matrices C , C we construct the operators 

Tb! = \cd-\c- l f}) +1 cd; l (c~\i - r)/) 

and 

(2.8) T- B f = -ir(J)(C- 1 )’9 I -‘(C7) - |(1 - r(7))r 1 )7 1 (C7). 

For any matrix B G U 5+ "(r2),Q! G (0,1), the linear operators Tb and solve the differ¬ 
ential equation 


(2d z + B)T B g = g in and (— 2d z + B*)T^g = g in U. 


Finally we introduce two operators 

n rB g = e T ^-^T B (e T ^-^g) and 1Z T}B g = e T ^~^ P B (e T ^~^ g). 
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3. Step 1: Construction of complex geometric optics solutions. 

Let L 1 (x, D) and L 2 (x, D) be the operators of the form (11.11) with the coefficients Aj , Bj, Qj. 
In this step, we will construct two complex geometric optics solutions U\ and v respectively 
for operators Li(x, D ) and L 2 (x, D). 

As the phase function for such a solution we consider a holomorphic function $( 2 ;) such 
that <L(z) = ip(xi,x 2 ) + iif(xi,x 2 ) with real-valued functions <p and if. For some a G (0,1) 
the function <F belongs to (7 6 + “(ft). Moreover 

(3.1) = 0 inf], lm$| ro =0. 

Denote by TL the set of all the critical points of the function <3>: TL = {z G ft; &'{z) = 0}. 
Assume that $ has no critical points on T, and that all critical points are nondegenerate: 

(3.2) P n <9ft = 0, $"(z) ^ 0, \/z G n, card H < oc. 

Let <9ft = UThe following proposition was proved in |5j. 

Proposition 3.1. Let x be an arbitrary point in domain fh There exists a sequence of 
functions {<F e } eG (o,i) G C 6 (f2) satisfying US. 1\) . IIS. 2 1 ) and there exists a sequence {5y},e G 
( 0 , 1 ) such that 

(3.3) x e G TL e = {z G D; $'( 2 :) = 0}, x e —> x as e —>■ +0. 
and 

(3.4) Im<$> e {x e ) ^ {Im$ e (x); x G TL e \ {x f }} and Im$ e (x e ) 7 ^ 0. 

Let the function $ satisfy (13.11) . (j3.2[) and x be some point from %. Without loss of 
generality, we may assume that T is an arc with the endpoints x±. 

Denote Qi(l) = — 2d z Ai — B\A\ + Qi, Q 2 (l) = —2d~B\ — A\B\ + Qi. 

Let (f/ 0 , f/ 0 ) G C 6 + "(f2) be a solution to the boundary value problem: 

(3.5) Af(;c, D)(Uo, Da) = (2cLDo + A 1 D 0 , 2d z Uo + B\Uq) = 0 in fl, Do + Do = 0 on To- 

The complex geometric optics solutions are constructed in [?], [?]. We remind the main 
steps. Let the pair (D 0 , D 0 ) be defined in the following way 

(3.6) Do = TAa, Do = (Aa, 

where a(z) = ( 01 ( 2 ),..., aiv(z)) G D 5 +Q (f2) is the holomorphic vector function such that 
Im a|r 0 = 0 , or 

(3.7) Do = Pi a, Do = — Cia, 

where a (z) = (ai(z),..., ajy(z)) G C 5 +Q (f2) is the holomorphic vector function such that 
Re a|r 0 = 0, 

(3.8) C, = (D 0 (l),..., D 0 (iV)), V l = (D 0 (l),..., U 0 (N )) G D 6+Q (D) 
and for any k G {1,..., iV} 

(3.9) JC{x, D)(U 0 (k), U 0 (k)) = 0 in ft, U 0 (k) + U 0 (k ) = 0 on T 0 . 
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In order to make a choice of Cl, "Pi let us fix a small positive number e. By Proposition 12.11 
there exist solutions ( U 0 (k ), Uo(k )) to problem (13. 5 p for k G {1,..., N} such that 

(3.10) \\U 0 (k) 

— efc|lc 5 +“(r 0 ) < e 

This inequality and the boundary conditions in (13. 5 p on r 0 imply 

(3.11) ll^o(fc) — efc||c 5 +“(r 0 ) < e Vfce{l,...,W}. 

Let ei,e 2 be smooth functions such that 


(3.12) e\ T e 2 = 1 on D, 

and e\ vanishes in a neighborhood of dfl and e 2 vanishes in a neighborhood of the set TL. 

For any positive e denote G e = {x G hi; disf(suppei, x) > e}. The following proposition 
proved in [?]: 


Proposition 3.2. Let B,q E C 5+Q (h2) for some positive a E (0,1), the function $ satisfy 
/ Id. II) . \°3.A) and q G (Q) for some p > 2. Suppose that q\ B = q\n — 0. Then the asymptotic 
formulae hold true: 


(3.13) 

(3.14) 


)b, = e T( *-*> 

K., B ( ei («+h)b, = ^*-®i 


m+,xe 


2 iTij){x) 




T* 

—2 irip(x) 


T 



as |r| —> Too, 
asIrl -T Too. 


Denote q\ = Pa 1 (Qi{1)U 0 ) - M 1 , q 2 = T Bl (Q 2 (l)U 0 ) - M 2 G C 5+ "(D), where the func¬ 
tions Mi G Ker(2dz + Af) and M 2 G Ker(2d z T -Bi) are taken such that 

(3.15) (?i(x) = g 2 (^) = <9fgi(x) = d%q 2 (x) = 0, Vx G "H \ {5} and V |/3| < 5. 


Moreover by (12.31) we can assume that 
(3.16) l?lWI 


lim 

x-tx± \x — x± 


198 


= lim 


\Q2(x)\ 

198 


= 0 . 


x->x± \X — X± 


Next we introduce the functions (f/_i,f/_i) G C 5+Q (fl) x C 5+ “(fl) as a solutions to the 
following boundary value problem: 


(3.17) 


K(x,D)(U. 1 ,U. 1 ) = 0 in SI, (l/_, + l/_,)| r » = ^7 + ^7- 


Wesetp 1 = -Q 2 (l)(^-t7.i) + ti( : i:,Z))(|p-),p 2 = -Qi(l)(^-t7_ I ) + L I (i,D)(y), 
q 2 = T Bl p 2 — M 2 ,qi = PaiP\ — Mi G C' 5+ "(h2), where Mi G Ker(2d z T Al) and M 2 G 
Ker(2d z T Pi) are taken such that 

(3.18) d%qi(x) = d^q 2 (x) — 0, Vx G Tl and V|/?| < 5. 

By Proposition 13.21 there exist functions G C' 2+ “(G ! e ) such that 

/ q n /n\ / / w I \ \ i .w m il) i / ..... /- / 1 

(3-iy) 




+ 0 C 2 (G e )^. 


as T -r Too 












6 


O. YU. IMANUVILOV AND M. YAMAMOTO 


and 


92,m_ _ 


m _g-2 irip{x) 


+ °C2(G £ )(^, 


as T —> + OO. 


(3.20) 7 Z T ,A 1 (ei(<l2 + -))\73' = e 

T \ T 

For any x G T-L we introduce the functions a± t x, b±.x G C 2+Q (f7) as solutions to the bound¬ 
ary value problem 

(3.21) fc(x,D)(a± t£ ,b± i£ ) = 0 in ft, (a±,* H- 6±,*)|r 0 = 

We choose the functions ci±^, b± t $ in the form 

(3.22) (a±,s,b± t x) = (Vi(x)a.± t x(z),C 1 {x)b± t x{z)), 

where a ±,x(z) is some holomorphic function and b ± t x(z) is some antiholomorphic function. 
Let (U - 2 , f/_ 2 ) G C 5+ “(f7) x C ,5+a (ft) be solution to the boundary value problem 

Kl>,D)([/_ 2 ,t/_ 2 )=0 in (t/_ 2 + t/_ 2 )Ir. = ^; + ^;. 


We introduce the functions U 0)T , f/ 0)T G C 2+ “(f2) by 


(3.23) Uq )T — Uq + 
and 


U -1 - e 2 gi/2<f>' ; 1 t / 0 2 iri/j(x) _ i_ —2 iTip(x )\ . rr 0.1^2 


T 


+ n e ^ x)(1+ _ + e - 


T 




(3.24) t/o,r = + —— e2g 2 /2^' + + e -2i r ^) b _^ + v _ ®e 2 


9 VV“ —t-)X 1 “ - 1 “—2 —/ T 

r r 2 2<f> 

We set 0 f = {r 6 dist(x , <9f2) < e}. 

In [?] it is shown that there exists a function u_i in complex geometric optics solution 
satisfies the estimate 

(3.25) v1^ll«-ilU 2 (n) + -i=||Vu_i|| L 2 (n) + ||u_ i\\ w y {0e) = o(— ) as t —y +oo 

VP I r 

and such that the function 

(3.26) ui (a;) = U 0tT e T * + U 0)T e T *-e^Tir^fafa + qi/T)) -e T ^ Tij4l (ei(g 2 + g 2 /T)) + e T ^_ 1 
solves the boundary value problem 

(3.27) Li(x,D)ui = 0 in 17, Mi|r 0 = 0. 

Similarly, we construct the complex geometric optics solutions to the operator L 2 (x,D)*. 
Let (Vo, Vo) G C 6+ "(f2) x C 6+ "(f2) be a solutions to the following boundary value problem: 

(3.28) M(x, D)(V 0 , Vo) = ((20* - B* 2 )V 0 , (25, - A*)V 0 ) = 0 in ft, (V 0 + V^|r 0 = 0, 
such that 

IKV)| 


(3.29) 


hm , = hrn 


x-tx± \X — (T±| 98 x—tx± \X — X±\ 

Such a pair (Vo, Vo) exists due to Proposition 12.11 More specihcally let 


198 


= 0. 


(3.30) 


I/ 0 = C 2 b, W = P 2 b, 
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where b(z) = (bi(z ),..., 6jv(z)) G (7 5+Q (f2) is the holomorphic vector function such that 
Im b| ro = 0, or 

(3.31) Vo = C 2 h, V 0 = —V 2 h, 

where b(z) = (b\(z ),..., b]y(z)) G C' 5+Q (f2) is the holomorphic vector function such that 
Re b|r 0 = 0, 

(3.32) C 2 = (Vo(l), • • •, Vo(IV)), V 2 = (Vo(l), • • •, V 0 (IV)), 
and for any k G {1,..., N} 

(3.33) M(x, D)(V 0 (k), V 0 (k)) = 0 in SI, (V 0 (k) + V 0 (k)) |r 0 = 0. 

Moreover, by Proposition 12.11 there exist solutions {V 0 (k),V 0 (k)) to problem (j3.28j) for k G 
{1,..., N} such that 

(3.34) || V 0 (k) — efc||c5+«(r 0 ) — e Vfc G {1 ,... ,N}. 

This inequality and the boundary conditions in (13.281) on r 0 imply 


(3.35) \\V 0 (k) 

— ^k\\c 5 + a (r 0 ) - e Vfc G {1,..., N}. 

In order to fix the choice of the operators P-b* , T-at 2 we take C = C 2 ,V = V 2 and 
C = C 2 ,V = V 2 . We set q 3 = P-a%(Q i(2)Vo) — M 3 , g 4 = T_b*(Q 2 (2)Vq,) — M 4 G C' 5+ “(0), 
where Qi(2) = Q 2 - 2 d s B% - B$A* 2 , Q 2 ( 2) = Q 2 - 2 d z A\ - A* 2 B * 2 and M 3 G Ker{2d~ - A* 2 ) 
and M 4 G Ker(2d z — B 2 ) are chosen such that 

q 3 (x) = q 4 (x) = d^q 3 (x) = <9f q 4 (x) = 0, \/x G "H \ {£’} and \/\/3\ < 5; 

(3.36) lim |gj(x)l =0 VjG{3,4}. 

x-*x± \x — (£-|-| 

By (13.21) the functions ^ 7 , Mr belong to the space C 5 +“(r 0 ). Therefore we can introduce 
the functions VTi, V_i G C 5 +Q (V2) as a solutions to the following boundary value problem: 

(3.37) M(x,D)(V_ l ,V_ l ) = 0 in SI, (VI, + = -(^ + it). 

Let p 3 = Q,( 2Xp +K.J + L 2 (x, D)'Jp),p t = Q 2 ( 2)(^ + V_ 2 ) + L 2 (x, D)'(^)jmd 

<14 = (T-B*p 4 - M 3 ), q 3 = (P-A*P 3 - M 4 ) G C 5 +Q (fl), where M 3 G Ker(2d s - B 2 ),M 4 G 
Ker(2d z — A 2 ), and (q 3 , q A ) are chosen such that 

(3.38) d%q 3 (x) = d^q 4 (x) = 0, \/x G V. and V|/3| < 5. 


By Proposition 13.21 there exist smooth functions m± t x G C 2 +a (G e ), x G "H, independent 
of r such that 

D 2 iT(ip—tp{x)) 


m 1 ~e 


T 


+ ^Oc^Gl)^) as M “>■ +°° 


(3.39) ^_ Ti _ S j(ei(g 3 + q 3 /r)) |g £ = 
and 

m_ ~ e _2 * r W’ _ V’(z)) 1 

(3.40) 7^._ Ti _ J 4|(ei(g 4 + g 4 /r))|( 5 e =- 1 -yy- Ve lT o C 2 ^(—) as |r| —>■ +cx). 


t* 
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Using the functions rh± t x we introduce functions a±,®, 6±,x G C' 2+ “(H) which solve the 
boundary value problem 


(3.41) M ( x , D) (a ±l *, &±,*) = 0 in 12, (a ±ii + 6 ±1 *) |r 0 = m±,*- 
We choose a± i£ , in the form 

(3.42) (a±,xJ±,i) = (C 2 (x)a ± ^(z),V 2 (x)b ± ^(z)), 

where Sl±,x(z) is some antiholomorphic function and b± t x(z) is some holomorphic function. 
By (13.2p the functions 4=7 belong to the space C 5+ “(r 0 ). Therefore there exists a pair 

(U_ 2 , V— 2 ) G C' 5+ “(f2) x U 5+Q (12) which solves the boundary value problem 

(3.43) M(x,D)(V. 2 ,V.2)=0 in Si, (V_ 2 + vL 2 )|r„ = -(|C + 

z<r 2 $ 

We introduce functions Vq,t, Vq,t G C 2+ “(12) by formulas 


(3.44) 
and 

(3.45) 


Ur = U + — + + l(e 2 ‘^®6 + , i + e- 2iT '« 5i >6_,i + V 2 + ^) 


r 


U 0 ,t = U 0 + 


V— 1 + e2Q , 4/2 < h 


+ — (e 2 iT ^ (s) a+,x + e~ 2 iT ^ x) a-,x + U _ 2 + 
T- 


e 2 g4' 

2$'' 


The last term v_i in complex geometric optics solution satisfies the estimate 


(3.46) v««-ill*(n) + ^==I|Vu-i||l2(q) + ||'y-i|| w - 9 1 ' r (o e ) = o(—) as r —» +cx) 

vM 2 e r 

and such that the function 

(3.47) 

v = V 0 , T e~ T * + V 0 , T e~ T * - e-' r *K- Tt - B .(e 1 {q 3 + ^)) - e- T ^_ T ,_ A .(e 1 (g 4 + ^)) + 
solves the boundary value problem 

(3.48) L 2 (x,D)*v = 0 in 12, v|r 0 = 0. 

We close this section with one technical proposition similar to one proved in [6]: 

Proposition 3.3. Suppose that the functions Ci,Vi G C 6+Q (12) for all i,j G {1,2} some 
a G (0,1) given by fEJEj - fSTTE) , \3.32\) - \3.3J\) satisfy 

(3.49) f {(z/i + iv 2 )&(V ia, V 2 h) + (u\ - iz/ 2 )$'(Cia, C 2 b)}da = 0, 

Jan 

for all holomorphic vector functions a, b such that Im a| ro = Im b| ro = 0. Then there exist a 

1 ^ 1 
holomorphic function 0 G 1U 2 2 (11) and an antiholomorphic function 0 G 1U 2 2 (12) such that 

(3.50) 0|p = eye 1 , ©|p = v* 2 Vx 

and 

(3.51) 0 = 0 on T 0 . 
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Proof. First we show that for all holomorphic vector functions a, b such that Ima|r 0 = 
Imb|r 0 = 0 there exists a holomorphic function 4/ and antiholomorphic function such that 

$'(Cia, C 2 b) — 4/ = ^'(Pxa, P 2 b) — VP = 0 on f and ((iq — 1^)4/ + (zq + iv r 2 )4/)|r 0 = 0. 

Also we observe that the equality (I3.49P implies 


(3.52) 1= / {(z/i + iv 2 )&(Vi8L, P 2 b) + (zq - iu 2 )^'(C 1 (-a) 1 C 2 b)}da = 0, 

Jan 

for all holomorphic vector functions a, b such that Rea|r 0 = Imb|r 0 = 0. Indeed, 

1=- {(zq + iis 2 )&(Viia, P 2 b) + (zq - iv 2 )&(C 1 (-ia) J C 2 h)}da = 

1 Jan 

- [ {{v i + izq)4>'(Pxia, P 2 b) + (i/i - izq)4>'(Cx(za),C 2 b)}<icr = 0. 

1 Jan 

Here, in order to get the last equality we used 03.49p . Consider the extremal problem: 


(3.53) 


J(4/,vh) = ||$'(C 1 a,C 2 b) - 4/|| 2 2(F) + ||4>'(p ia ,P 2 b) - 4/|| 2 2 ^ inf, 


L 2 (r) 


(3.54) 


d 4> <94/ ~ 

— = 0 in f2, — = 0 in O, ((zq - iv 2 )^ + (z'i + iz' 2 )4')|r 0 = 0. 


Denote the unique solution to this extremal problem 03.531) . 03.54p by (4q4z). Applying 
the Fermat theorem, we obtain 

(3.55) Re($ , ('Pia, P 2 b) - 4/, <5) L2( f) + Re($'(Cia, C 2 b) - 4>, <5) L2( f) = 0 

~ I 

for any 5, 5 from W 2 (Q) such that 
35 35 

(3.56) — = 0 in O, — =0 inO, (zq + iv 2 )5 r 0 = -(zq - iv 2 )5 r 0 

3z 3z 

~ 1 

and there exist two functions P, P G W 2 (D) such that 

3P 3P 

(3.57) —— = 0 in f2, —— = 0 in Q, 

3z 3z 


(3.58) (zq + iv 2 )P = $'(P ia ,P 2 b) - ^ onT, (zq — iv- 2 )P = 4>'(Cia,C 2 b) — 4/ onT 


and 

(3.59) (P-P)|r o = 0. 

Denote 4/ 0 (z) = A(P(z) _ P(z)) and 4> 0 (^) = |( P(z ) + P(zj). Equality 03.59P yields 

(3.60) Im d'olro = bn <f> 0 |r 0 = 0. 

Hence 

(3.61) P = (4>o + z4z 0 ), P = (4>o — fd'o). 
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From (I3.55I) . taking <5 = T and 5 = \k, we have 


(3.62) 


Re (($'(Cia,C 2 b) -$,$) + ($'(Pia, P 2 b) - tf, tf))do- = 0. 


By (13.571) . (I3.58p and (13.611) . we have 


H\ = Re J (d>'(Pia, V 2 h) - 'k, $'(Pia, P 2 b)) + (S'^a, C 2 b) - 'k, fc'^a, C 2 b))da 
= Re [ ((^ + iu 2 )P, &(ViaL,V 2 b)) + ((i/i - iv 2 )P, $'(Cia, C 2 b))chx = 


Re y 2((z/i + zi/ 2 )(<k 0 + i'k 0 ) < h / ('Pia, R 2 b)) + 2((iq - w 2 )(<f> 0 - 2 ^ 0 )^> , (Cia, C 2 b))da. 
By (13.491) and (13.601) we have 


(3.63) 


2Re((zq - w 2 )<F 0 $ , ('Pia, R 2 b)) + 2Re((z/i + zz/ 2 )$ 0 < ^ ), (Bia, C 2 b))dcr = 0. 


By (13.521) and (13.601) we obtain 


(3.64) J 2Re((zq + iv 2 )(m 0 )&(V ia, R 2 b)) + 2Re((z/i - 2 z/ 2 )<h'(Ci(-z\k 0 )a,C 2 b))dcr = 0. 

Then by (13.631) and (13.641) we see that Hi = 0. Taking into account (13.62!) . we obtain that 
J(T, T) = 0. Hence 

(3.65) (Via., V 2 h){x) = (*/$')(*) = E(z), (^a, C 2 b)(:r) = (*/&)(z) = E(z) on f. 

In general the function $ may have a finite number of zeros in fi. At these zeros 5, 5 may 
have poles. On the other hand observe that S, S are independent of a particular choice of 
the function <f>. Making small perturbations of these functions, we can shift the position of 
the zeros of the function <$>'. Hence there are no poles for S, 5. By (13.54)1 ((zq — iv 2 )\ k + (zq + 
w 2 )'k)|r 0 = 0. Moreover, by the direct computations, (zq + iv 2 )§' + (zq — iz/ 2 )$')| ro = 0 . 
Therefore 


(3.66) S(z) = S(^) on T 0 . 

Consider N holomorphic vector functions b,, = (bij,.... b^jy) such that Im b ? |p 0 = 0 and 
determinant of the square matrix constructed from these vector functions not equal to zero 
at least at one point of domain fh Then equality (I3.65P can be written as 

(VoVi^b j) = Ej(z) and (C%Cia,bj) = Ej(z) on f. 

Then 

V^ViA = B X S and C^Cia = B X S on f. 

Here B is the matrix such that the row number j equal b* and S(z) = (Si(z ),... ,En(z)),E — 
(Si (5 ),... ,En(z)). Consider N holomorphic vector functions a* such that Im a^ry = 0. Then 

■PoTAa,; = B _1 E and C^Cia* = B X Sj 


on T. 
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From this equality we have 

V* 2 Vi = B _1 IIA _1 and C*C, = B^LIA^ 1 on f. 

Here A, n, n are matrix such that the row number i equal aj, and SWe set 

0 = B _1 nA _1 and 0 = B^LlA" 1 . 


These formulae dehnes the functions 0, 0 correctly except the point where determinants of 
matrix A and B are equal to zero. On the other hand it is obvious that functions 0, 0 
are independent of the choice of matrices A, B. So if we assume that there exist a point 
of singularity of, say, the function 0 by Proposition 12.11 we can make a choice matrices 
A, B such that determinants of these matrices do not equal to zero at this point and arrive 
to the contradiction. The equality (I3.5ip follows from (I3.66P and the fact that Im B|r 0 = 
Im A| ro = 0. Indeed on T 0 

v* 2 v x = B^nA" 1 = B^nA" 1 = B _1 nA _1 = c* 2 c x . 

Proof of the proposition is complete. ■ 

Let Ui be the complex geometric optics solution given by (I3.26P constructed for the opera¬ 
tor Li(x, D). Since the Dirichlet-to-Neumann maps for the operators Li(x, D) and L 2 (x, D) 
are equal there exists a function u 2 be a solution to the following boundary value problem: 

L 2 (x,D)u 2 = 0 in Q, {ui - u 2 )\ 9 q = 0, d${ui - u 2 ) = 0 on f. 

Setting u = U\ — u 2 we have 

(3.67) L 2 (x, D)u + 2Ad z ui + 2t3dziii + Qui = 0 in fi, 

where A = A 1 — A 2 , B = B x — B 2 and Q = Qi — Q 2 and 


(3.68) u|an = 0, dju |p = 0. 

Let v be a function given by (13.471) . Taking the scalar product of (13.671) with v in L 2 (fl) and 
using (I3.48P and (I3.68p . we obtain 


(3.69) 
Denote 

(3.70) V 
and 


0=1 ( 2Ad z ui + 2BdjU\ + Qui,v)dx. 

Jn 


V 0)T e ~ T4 + H 0 ,re- T$ - e- T# 77_ r ,_ B j(e 1 (g 3 + -)) - e~ T *n^ A *(ei(q 4 + ^)) 

2 T 2 T 


(3.71) U = f/ 0 , r e r<1> + f/ 0 , T e r$ - e T$ 77 r , Bl (ei(gi + qi/r)) - e T$ 77 ri A 1 (ei(g2 + ^/t)). 
We have 


Proposition 3.4. Let u\ is given by \3.2b\) and v is given by p.^Tp . 
asymptotic holds true 


Then the following 


(2Ad*ui + 2Bd-jUi + Qui, v)dx = / (2AdM + 2Bd~U + QU, V)dx + o(— ) as r —)■ +cxd, 
) Jo r 
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where functions U, V are determined by \3.71\) and \3.1(A) . 

Proof of Proposition 13.41 is exactly the same as the proof of Proposition 5.1 from [?] 


4. Step 2: Asymptotic 


We introduce the following functionals 




7T 


u{x) d zz u(x) <9fpu(x) d z u(x)$'"(x) d s u(x)$"' (x) 


2\det (x)\^ V r 2<f>"(x)r 2 2 §"{x)t 2 2(4>"(x)) 2 t 2 2(<h"(x)) 


2 r 2 


and 


( vi ~ W 2 ) 
>ao 2r$' 


3 t u = / u- —— ——^e r ^ ^ da 


>80 


iyx - ^ 2 ) 
4 >' 


d z 


u 


2 t 2 $' 


e T( *~ $ W. 


Using these notations and the fact that $ is the harmonic function we rewrite the classical 
result of theorem 7.7.5 of [4] as 

Proposition 4.1. Let $( 2 ) satisfies \3.1\ ) . \3.2) and u £ U 5+ "(h2),a £ (0,1) be some 
function. Then the following asymptotic formula is true: 


(4.1) 

Denote 


ue 


■ ( *-*)dx = e 2iT ^dr,yU + 3 r u + O (-} 

yen ' 


as t — y -poo. 


H(x, d z ,dj) = 2 Ad z + 2 Bd z + Q and J T = j (H(.x, d z , ds)U, V)dx. 

Jo 

where U and V are given by (13.7ip and (13.70(1 respectively. We have 
Proposition 4.2. The following asymptotic holds true 

1 1 

0 = ^ r k J k + -((J+ + /+,* + K+)(x)e 2Ti ^ + (J_ + /_,* + K_)(x)e~ 2Ti *&) 


k =-1 


+ / ((m - iu 2 )(AU 0 e^, U 0 e- r4 ) + K + iv 2 ){BU 0 e^, V 0 e~^))da 


t<& \r ■ t<&\ 


(4.2) 
where 

(4.3) 

(4.4) J + (x) = 

(4.5) J_(x) = 


+o(—) os t —y +00, 

T 


Ji = / (K - ^2)$'(U 0 , Vo) + (vi + iv2)&(U 0 , V 0 ))da, 


>80 


7T 


2|det'0 // (3 ; )| 


7T 


2\detfi>" (x)\z 


-(-(2 d z AU 0 ,V 0 ) - (AU 0 ,A* 2 V 0 ) - (BA 1 U 0 ,V 0 ) + (Qf/ 0 , U 0 ))(^), 


[-(AB^Vo) - (2d- z BUo,V 0 ) - (BU 0 ,B* 2 V 0 ) + (QU 0 ,V 0 ))(x), 
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I±,$(x) = ~ U^i - W2)((2b± >£ &, Vo) + (2<I>'f7 0 , a±,s)) 

Jan L 

(4.6) +{y i + Vo) + (24>'I/o, Xt,x)) | da, 

K+ = T-Sr,x{qi: T* Bi {B{A*V 0 ) - A*V 0 + 2 T* Bi (d z B*V 0 ) + T* Bi (B* (A* 2 V 0 - 2r$V 0 ))) 

(4.7) -2T$ T!i; (Pl A ,(A(d z U 0 + r$U) + Bd g U 0 , r ), q A ), 

K- = r^{q 2 , P* Ai (2d z (A*V 0 ) - r^2A*V 0 ) - B*V 0 + P* M {A\B*V Q )) 

(4.8) -2r^. T ^,T*_ B ,{Ad z U 0 + B{d z U 0 + t&U q ))). 

Proof. By Proposition 13.41 

J T — I (H (x,d z ,d z )U,V)dx = o{—) as r —> +oo 
Jn T 

Denote 

(4.9) Ui = —jZ T)Bl {ei(qi + qi/r)), U- L = -1Z T ,Ai(ei (g 2 + Q 2 M), 

(4.10) Vi = -^_ T _ B .(ei(g 3 + (^/t)), Vi = -7e_ r _ j4 *(ei(g 4 + ^/t)). 
Integrating by parts and using Proposition 14.11 we obtain 

Mi = [ (2 Ad z (U 0 , r e T *) + 2Bd z (Uo :T e T ‘ s> ), V 0 , T e~ T *)dx = 


/ ((-2a^Do, T e T ,^o,re- T(p ) - (2AU 0 , r e rq> , d z V 0 , T e~ Tq> ) + (2Bd- z U 0 , T e rq> , V 0 , r e~ Tq, ))dx 
Ja 

+ f (ui - iv 2 )(AU 0)T e Tip , V 0)T e~ T ®)da = 

Jon 

e 2iT ^)d T A-(2d z AU 0 , P 0 ) - (2AU 0 , d z V 0 ) + (2 Bd- z U 0 , V 0 )) 
+a r (-(2 d z AU 0 , r , V 0tT ) - {2AU 0tT , d z V 0 , T ) + (2 Bd s U 0>r , P 0 ,r)) 

(4.11) + f [y\ — iv 2 ){AUo, Vo)e T ^ ^dcr + Ko,o + — 1 - fo(—), 

Jr r r 

where Koj are some constants independent of r. 

Integrating by parts we obtain that there exist constants Kij independent of r such that 


/ (2Ad z (U 0)T e T<p ) + 2Bd- z {U 0 ^), P 0 , T e~ T *)dx = 
Jn 

(2Ad z Uo,r, Vo,t)l 2 (0) + (2B(d z Uo t r + T^'Uq^), Vo iT )l 2 (Q) = 


tk i,i + « li0 + ^ + \e 2iT ^(2Bb + ^', Vo)i2 ( n) + e -a^(*)( 2jB6 _ ) .$/ > p 0 ) i2(n) ) 
(4.12) +I(e 2i ^)(2M / ii 0) a +1 *) L 2 (n) + e - 2 ^( i )(2B$'{/ 0 , a-,*) L 2 (n) ) + o(^). 


Since by (13.5p . (13.2ip . (I3.28P . (13.4ip for the functions a±,®, &±,x we have 

(2 B&Uq, a*,*) = -4d z (&U 0 , a ±tS ), and (2B& ±)i $', P 0 ) = -43 z (& ±)i $', P 0 ) in O 
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from (14.12ft we have 


M 2 = / (2Ad z (U 0:T e Tq> ) + 2Bd z (U 0:T e T<s> ), V 0tT e~ Tq> )dx = 
dn 


TK 1,1 + Ki o H- : -b 

t Jan t 


-!^l( e 2^(x)( 2 Bb + ,z&, Vo) + e~ 2 V 0 ))da 


+ [ ^ W2) {e 2iT ^\2&U 0 , a + , a ) + e-^Wp&Uo, d^))da + o(-). 


(4-13) f . . 

Jan t r 

Integrating by parts we obtain that there exist constants n 2 j independent of r such that 


(2Ad z (U 0)T e T,p ) + 2Bd z (U 0:T e T ' s> ), V^ T e~ T<i, )dx = 
{2A{d z Uo,r + T&U 0tT ) + 2Bd g U 0 , T , V 0 , T ) L2{ n) = 


tk 2i1 + «i )0 + ^ + \e 2iT ^\2 Aa+fV, V 0 ) L 2 (Q) + e~ 2iT ^\2Aa.^\ V^n)) 
(4.14) +l(e^( i )(2i$ / {/ 0 ,6 + ,x)L 2(f!) + e-^( i )(2i$'i/o, + o(|). 


Since by (13. 5p . (13. 21 p . (13.28ft . (I3.4ip for the functions a± ; £, b±^ we have 

(2 ■Aa±, i &, Vo) = -43*(a±H) and (2.A*'£do, &±,*) = -40*($'[/ o , 6 ±>i ) in fi 
we obtain from (14.14ft 


M 3 = / (2Ad z (U 0 , T e rq> ) + 2Bd z (Uo tT e T<s ‘), V 0jT e~ Tq, )dx = 

dn 

K ‘ 2 ~ 1 i f tit i 1 /„2i'n/>(x)(<) _<*>/ T>1 I p -2iTip{x) / 


tk 2 ,i + Ki,o H- 1 -b / (^i + *^ 2 ) — ( e * T x (2a+,^$ / , Vo) + e 

r dan r 


) (2a_,^M/ 0 ))da 


(4.15) 


+ [ (y, 1 + iu 2 )-(e 2iT ^\2^'U 0 , &+,*) + e- 2iT ^\2&U 0 , b^))da + o(-). 
dan t t 


Integrating by parts, using (13.5ft and Proposition 14.11 we obtain that there exists some 
constants Hs,j independent of r such that 


M 4 = I (2 Ad z (Uo, T e T *) + 2^-(f/ 0 , T e T$ ), V 0tT e~ T<p )dx = 


\ tV t<I>\ 


((2Ad z U 0iT e^,Vo, T e- T<P ) - (2d z BU 0 , T e T *,V 0 , T e~ T *) - (2££Ve r<I> , d g Vo, T e^ 9 ))dx 


+ / (i/i + iis 2 )(BU 0tT e T ' , V 0}T e )da = 
Jan 


(4.16) 


e -W& d _ Tt£ ((2Ad z Uo,Vo) - (2d- z BU 0 ,V 0 ) - (2BU 0 ,d- z V 0 )) 
+3- T ((2Ad z Uo,r,Vo, T ) - (2d g BUo,r,Vo,r) - ( 2 BU 0 ,T,d z V 0 , T )) 

+ f (u 1 + iv 2 )(BU 0 e T ®, V 0 e~ T ‘ i ’)da + « 3 i + /t3 ’~ 1 + o(-). 

./f T T 


Integrating by parts and using Proposition 14.11 we obtain 
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(4.17) 


'an 


M 5 = / (2Ad z (Uie ) + 2Bd- z (U 1 e rq ’) 1 V 0 , T e~ T<s )dx = 

Jn 

[ (A(—BiUi - e l9l )e T * - 2 d s B(Uie T % V 0 , T e~^)dx + 
Jn 

(*b + iu 2 )(BU u V 0 , T )e T ^da - (2 BU U d- z (V 0 , T e T ^)) L 2 {n) + o(~) = 


/ (A(B 1 T Bl (e T ^e 1 q 1 ) - e iqi )e T ^\V 0 , T ) + 2 d z B(T Bl {e T ^e iqi )), V 0 , T )dx + 
Jn 

(BT Bl (e T ^e iqi ), d- z V 0 , T - 2r$V 0lT ) L2(n) + [ (^ + iu 2 )(BU U 0 ,r)e T(,3> -*W + o(-) = 

Jan r 

- A*V 0 + 2 T* Bi (d z B*V 0 ) + T* Bi (B*(A*V 0 - 2rl>V 0 ))) 

+ [ {vi + iu 2 )(BUi, V 0tT )e T ^-^da + o(—) as r —» +oo. 
./an ’ r 

After integration by parts we have 


M 6 = / (2*4.c/ : ([/ 1 e' r<p ) + 2Bd- z (U 1 e T<s ’) 1 V^ T e~ T ^)dx = 

Jn 

[ (A(-B 1 U 1 - e iqi ) - 2 d- z BU 1: V (i . r )dx + o(-) + 
Jn r 

(2BUi, d z Vo !T ) B 2(ty + f (i/i + iu 2 )(BUi,Vo }T )da. 

Jan 

Using (I4.9j) . (13. 19j) . (13.20P and Proposition 8 of [?] we obtain that 


(4.18) A4 6 = — / (Aqi, V 0T )dx + o(-) as r —> +oo. 

Jn ’ r 

Integrating by parts and using Proposition 14.11 we have 


(4.19) 


M 7 = / {2Ad z {U^ T e Tq> ) + 2Bd z (Uo }T e rq> ), Ve~ Tq, )dx = 


2 / (A(d z U 0 , T + T&U 0}T )e T ® + Bd z U 0 , T e r ®, Vie~ T ®)dx = 
Jn 

-2 [ (P*(A(d z U 0 + r^V 0 ) + Bd- z U 0tT ),e m e T ^)dx + o(-)^ 
Jn 2 t 

-2e 2iT ^dr ,s(P- AAdzUo + t&U 0 ) + Bd- z U 0 ), g 4 ) + o(-) 

2 T 

+o(—) as r —+oo. 
r 
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Integrating by parts and using Proposition 8 of [?] we have 

M 8 = [ (2Ad z (U 0 , T e T *) + 2Bd- z (U 0 , T e T *),V 1 e- T ‘ s, )dx = 
Jn 

[ ((-2 d z AU 0 + Bd- Z u 0 , V { ) - {AU 0tT , -B; Vi - ei q 3 ))dx + o(-) 
Jn T 

(4.20) + f (ui — iv 2 )(AU 0 , Vi)da — — f (AU 0tT , q$)dx + o(—) as r —» +oo 


and 


>dn 


Mg = / (2 Ad z (U 1 e T ‘ s> ) + 2Bd z {U 1 e T ‘ s> ), Vg, T e~ T *)dx = 

Jn 

[(Ui, -d z (2A*Vo, r )) + (B(—AiUi - ei q 2 ), Vo, T )}dx + o ' 1 


in 


T 


(4.21) + / (u 1 —iu 2 )(AUi,Vo)da = — / (Bq 2 , V 0 , T )dx + o(-) as r -> +oo. 

Jon Jn T 

Integrating by parts and using Proposition 14.11 we obtain 


(4.22) 


M io = / (2Ad z (JJie Tq> ) + 2Bd- z (U l e Tq ’), I ^ r e~ Tq, )dx = 
Jn 

[ -d z (2 A*Vo, t ) + T&2A*Vo, T ) + (B(-A 1 u 1 - ei q 2 ), V 0 , T )e T ^)dx + 

In 

+ [ (vi - iv 2 )(AUi, Vg )T )e r ^~ q,) da + o(-) = 
Jdn T 

[ (e 1 q 2 ,PX 1 (2d z (A*Vo i r)-2T^A*Vo)-B*Vo + PX 1 (A* 1 B*Vo)))e T ^ ) dx 
Jn 

+ [ (v\ - iv 2 )(AUi, Vb)e r(4_<J, W + o(-) = 
Jdn T 


0 —2 irtp^x) 


+ o(—) as r —» -poo. 
r 


By (13.15j) and Proposition 14.11 we obtain 
(4.23) -Mn = [ (2Ad z (U 0 , T e T *) + 2Bd z (U 0 , T e T *), V,e~ T *)dx = 


in 


(2Ad z tio, T + 2B(d- z Uo,r + T&U 0 ,r), V^^dx = 


- / (em,Tl m (2Ad z U 0 , T + 2B(d- z U 0tT + T$% T ))e T ^dx + o(-) = 

Jn 2 r 

_ e -2ir^ )d _ T3 , ( ?3> r * fl2 (2Ad z U 0 + 2B(d- z ii 0 + t&U 0 ))) 

+o(—) as t —>■ -poo. 
r 

By Proposition 14.11 there exist constants independent of r such that 
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(4.24) 


Mu= (Q(£Ve T + £Ve T ), Vo^* + V^ T e~^)dx = 


« 4 ,o + H-i/r + ^((Qt/ 0 , ^oX^e 2 ^ + (QOq, Po)(ai)e- 2 ^) + o(-) as r ^ +oo. 
At t 


Since J T = ^ fc= 1 A4fc the proof of the Proposition 14.21 is complete. 
We have 


Proposition 4.3. Let all conditions of the proposition f.l holds true and 

(4.25) A\ — A 2 = B\ — B 2 = 0 on f. 

For any matrices Cj,Vj satisfying j\3.8\) - VFTU) . ll3.32\) - \3.34\) with sufficiently small e there 
exists a holomorphic matrix O £ C 5 + “(0) such that the matrix Q = Pi© -1 ^ verifies 

(4.26) 2d s Q + AiQ - Q A 2 = 0 infl\X, Q| f = I, ^Q| f = 0, 
where X = {x £ Ll\detQ = 0} and 

(4.27) Q £ C 6+Q (ff \ X), det Q^O inQ\X. 


Proof. From Proposition 14.21 for any function <f> which satisfies (13.IP (13.2j) we have 

(4.28) [ ((iq + w 2 )&(Uo, Vo) + ( 1/1 - V 0 ))da = 0. 

Jan 

Then if a(z) = (afz), ..., o,n(z)), b(z) = (bfiz),... ,b N (z)) are the holomorphic functions 
such that Ima|r 0 = Imb|r 0 = 0 the pairs (Pia, C\a) and (P 2 b, C 2 b) solve the problems (13.51) 
and (13. 28ji respectively. Therefore we can rewrite (14,28ft as 

(4.29) f {(z/i + zz/ 2 ) < h , (Pia, P 2 b) + (z/i - fz/ 2 )i>'(Cia, C 2 b)}dcr = 0. 

Jon 

Thanks to (14.29ft all assumptions of the Proposition 13.31 holds true. By Proposition 13. 31 there 
exist holomorphic matrix @( 2 ) and antiholomorphic matrix 0(7) with domain such that 

(4.30) 0 = P*Pi onf and 0 = C* 2 C X on f and 0,0£L 2 (fl) 
and 


(4.31) 0-0 = 0 on r 0 . 

From (13.1 Op and (j3.35[) and the classical regularity theory of systems of elliptic equations 
(see e.g i) we obtain that 0, 0 £ C 6 +Q (f2). Without loss of generality we may assume that 

(4.32) det V 2 and det Pi 7^0 onf. 

Moreover by (I3.10p . (13.341) 

det P 2 7^0 and det Pi 7^0 on r 0 . 

Observe that by (EPOl) 

(4.33) I = P,0 _l P 2 * on f. 
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Since by the construction of the matrices Vj 

2d~Vi + A 1 P 1 = 0 in Q and 2d z V 2 - V 2 A 2 = 0 in Q 
and matrix 0 is holomorphic we have 

2d- z (Vi®~ 1 ) + A 1 (V l Q~ 1 ) = 0 mSl\X. 

We compute 

(4.34) 2<9 z -(Pi0- 1 P*) + A^ViQ-'V 2 ) - (Pi <3>~ 1 V 2 )A 2 = 0 in O \ X. 

Thus the first equation in (14.26ft holds true. By (14. 33ft the second equation in (14.261) . 

By (14.251) . (14.33ft on f we have 

(4.35) - 2d- z Q = A{P x Q- l Vl - V 1 ®~ l V 2 A 2 = AJ - IA 2 = A 1 -A 2 = 0. 

In order to prove the third equation in (14.26ft we observe that there exists a matrix T(x) 
with real-valued entries, detT(x) ^ 0, such that V = T{jx)(da,d?). Therefore d z = |((T n + 
iT 2 i)<9;7 + (T 12 + iT 22 )d?). By (14.351) on f the following equation holds 

d- z Q = i((T n + iT 21 )dff Q + (T 12 + iT 22 )d r Q) = i((T n + iT 21 )d v Q + (T 12 + tT 22 )d?I) = 

2^ u ^i)duQ = 0 . 

The fact that determinant of the matrix T is not equal zero implies that (Tn + iT 2 \) ^ 0. 
So from the above equation we have d^Q = 0. 

If detQ(a:o) = 0 then det ^(a^det V 2 {xq) = 0. Let matrices Vj be constructed as Vj 
but with the different choice of the pairs ( U 0 (k ), U 0 (k)), (V 0 (k), V 0 (k)) which are solutions to 
problem (j3.5j) and problem (j3.28j) respectively and satisfy (I3.10p . (13.351) . In such a way we 
obtain another matrices Vj, 0, Q which satisfies to (14.26ft with possibly different set X. We 
denote such a matrix Vj. O. Q as v v e, Q. By uniqueness of the Cauchy problem for the d z 
operator 

Q = Q on \ X U X where X = {x 6 f2|det0 = 0}. 

So, Q(£o) = 0. On the other hand one can choose the matrices Vj such that det Vj(x Q ) ^ 0. 
Therefore we arrived to the contradiction. Proof of the proposition is complete. ■ 

Our next goal is to show that the matrix Q is regular on f2. 

Now we prove that if operators Lj(x,D) generate the same Dirichlet-to-Neumann map 
then the operators Lj(x,D)* generate the same Dirichlet-to-Neumann map. 

Proposition 4.4. Let Aj,Bj,Qj e C 5+a (Q) for j = 1 , 2 . If A AljBljQl = Aa 2 ,b 2 ,Q 2 then 
A -ai- B *, Ri = A -a*,-b*,r 2 , where Rj = -d z A* - d~B* + Q* for j e { 1 , 2 }. 

Proof. Let function Vj solves the boundary value problem 

Lj(x, D)*Vj = 0 in r^| ro = 0, Uj|f = g 

and Uj be solution to the problem 

Lj(x, D)uj = 0 in Uj |r 0 = 0, Uj\f = f. 
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By our assumption and Fredholm’s theorem solution for both problems exists for any f,gE 
Co°(r). By the Green’s formula 

(Lj(x, D) Vj,Uj)L 2(q) — (iij, Lj(x, D)iij) L 2(ty = (d^Vj, Uj) L 2^ — (v 3 , d^Uj) L 2(f)d - 

(Aj(v 1 - iv2)g, f) L 2 ( f) + 1 + ^2 )g, f) L 2 { ty 

Subtracting the above formulae for different j, using (14.25ft and taking into account that 
A AuBuQi = A a 2 ,b 2 ,q 2 we have 

(dj/ui -^ui,/) L2( f) = 0. 

Since the function / can be chosen an arbitrary from Co°(r) the proof of the proposition is 
complete. ■ 

By Proposition 12.11 there exist solutions (Uo(fc), Uo(fc)) to problem 

(4.36) (29*11 0 (fc) - Al\J 0 (k), 2d z XJ 0 (k ) - 5*U 0 (£;)) = 0 in SI, U 0 (k) + U 0 (fc) = 0 on r 0 
and solutions (Vo (k),Vo(k)) 

(4.37) (2chV 0 (k) + A 2 V 0 (fc), 2 d z V 0 (k) + B 2 \ 0 [k)) = 0 in SI, V 0 (fc) + V 0 (fc) = 0 on T 0 
for k G {1,..., N} such that 

(4.38) ||Uo(fc) — e/c||c , 5+“(r 0 ) + l|Vo(&) — efc||c ,6 +“(r 0 ) — e V/c G {1,..., N}. 

This inequality and the boundary conditions in (14.36ft and in (14.37ft imply 

(4.39) ||Uo(7c) — efc||c5+ a (f 0 ) + ||Vo(&) — Ilc' 5 +“(f' 0 ) — e V/c G {1,..., N}. 

We define matrices M.\, M. 2 ,TZi,TZ 2 as 

Mi = (U 0 (l), ■ • ■, U 0 (AT)), Ki = (U 0 (l), • • •, U 0 (iV)), 

(4.40) M 2 = (V 0 (l), ■ • •, V 0 (N)), 7Z 2 = (V 0 (l), ..., V 0 (iV)). 

By Proposition 2.3 there exists a holomorphic matrix y such that the matrix function G = 
M\y~ l M 2 solves the partial differential equation 

(4.41) 29*G + GA* 2 - = 0 in SI \ {x G Sl\det y = 0}, G| f = /, d ff G| f = 0. 

Observe that the matrix Q* -1 solves the following partial differential equation 

(4.42) 29*Q* _1 + Q* -1 ^ - WpQ*" 1 = 0 in SI \ {x G Sl\det Vi(x)det V 2 (x) = 0}, 

(4.43) Q*- 1 | f = / ) c?£;Q* _1 |p = 0. 

Let matrices V 3 be constructed as Vj but with the different choice of the pairs 
(U 0 (k), U 0 (k)), (Vb(/c), V 0 (k)) which are solutions to problem (j3.5(1 and problem (13.281) respec¬ 
tively and satisfy (13.101) . (j3.35[) . In such a way we obtain another matrix Q which satisfies 
to (14.26ft with possibly different set X. We denote such a matrix Q as Q. By uniqueness of 
the Cauchy problem for the d z operator 

(4.44) Q = Q on Sl\{x G Sl\det{V{P 2 ViV 2 ){x) = 0}. 

Let i* G O be a point such that det ( V{P 2 ){x *) = 0. We choose the matrices V 3 such that 
the determinants of these matrices are not equal to zero in some neighborhood of the point 
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x*. Then by (14,44ft the matrix Q* 1 could be extended on the neighborhood of x* as the 
C 5+a matrix. So 

(4.45) 2<9 5 Q*~ 1 + Q* -1 ^ - A^Q*" 1 = 0 in ft. 

By (14.41ft and uniqueness of the Cauchy problem for the d z operator 

G = Q*" 1 in ft \ {x G ft |det y = 0}. 

Repeating the above argument we obtain that the matrix G -1 can be defined on ft as the 
function from C 5+ "(ft). Therefore the matrix Q belongs to the space C 5+ “(ft) and solves 
the equation (4.16) on ft. The operator Li(x,D) = Q _1 Li(x, D)Q has the form 

L\(x, D ) = A + 2A 2 d z + 2B\d z + Qi, 

where 

B\ = Q ^(RiQ + 2<9~Q), Qi = Q ^(QiQ + AQ + 2Ai<9,Q + 2RicLQ). 

The Dirichlet-to-Neumann maps of the operators Li(x, D) and Li(x, D) are the same. Let u\ 
be the complex geometric optics solution for the differential operator Li(x, D ) constructed in 
the same way as solution for the operator Li(x, D ). (In fact we can set Ui = Qrq where U\ be 
the complex geometric optics solution given by (I3.26jl constructed for the operator Li(x, D ).) 
For elements of the complex geometric solution U\ such as U 0 ,U 0 ,U T ,U T we use the same 
notations as in construction of the function iq. Since the Dirichlet-to-Neumann maps for the 
operators Li(x,D) and L 2 (x,D) are equal there exists a function u 2 be a solution to the 
following boundary value problem: 

L 2 (x, D)u 2 = 0 in ft, (hi - u 2 )\qq = 0, — u 2 ) — 0 on T. 

Setting u = ui — u 2 , B = Bi — B 2 , Q = Qi — Q 2 we have 

(4.46) 1/2 (x, D)u + 2BdzU\ + Qui = 0 in ft 
and 

(4.47) u\ 9 n = 0, d^lf = 0. 

Let v be a function given by (13.47(1 . Taking the scalar product of (14.46(1 with v in L 2 (ft) 
and using (13.48(1 and (14.47(1 . we obtain 

(4.48) [ (2Sahi + Qui, v)dx = [ (2 BdJJ + QU, V)dx + o(-) = 0, 

Jn Jn T 

where the function V given by (13.70(1 and 

(4.49) U = Uo^ + U 0 , T e r * - e T *'R T ^ i (e l (q 1 + qi/r)) - e^TZ-r^e^ + ^/t)). 


We have 
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Proposition 4.5. The following equalities are true 

(4.50) T~ x ( B*V 0 ) = T~^ (&B*V 0 ) = (£W 0 ) = T! s * (i>W 0 ) = 0 on f 

and 

(4.51) / ±i $(i;) = 0. 

Proof. Since the matrix Pi satisfies 2d~T\ + A/Pi = 0 the matrix V 2 V\ is holomorphic 
in the domain 12. Indeed, 

(4.52) 2d- z {V*V{) = 2(d{P* 2 V\ + P*d 2 -Pi) = -V* 2 A 2 V l + V* 2 A 2 V X = 0. 

This implies 

(4.53) f (z/i + iv 2 )&(V ia, V 2 b)da = 0, 

Jan 

In order to obtain the last equality we used the fact that 2 d{P 2 = A 2 V 2 . By (14.4811 the 
conclusion of the Proposition 14.21 holds true, if the operator Li(x,D) is replaced by the 
operator L i(x, D ). 

From this equality and (13.491) we obtain 


(4.54) 


'an 


(z/i - iv 2 )&(Cia, C 2 b)da = 0, 


By Proposition 14.21 CVC\ = Q(z) on T where the function 0 is antiholomorphic on 12. So 
f [yi — iv 2 )&{C 2 C\dL, b)da = f (ui ~ iu 2 )^\Qa,b)da = — [ (zq — iv 2 )&(Qa, b)da. 


'To 


We write (I4.54j> as 


(4.55) f (zq — iis 2 )$'((C 2 Ci — @)a, b)dcr = 0. 

J r 0 

So, by corollary 7.1 of [6] , from (14.55h we obtain 

(4.56) C* 2 C X = 0 on <912. 

We observe that for construction of Uq instead of the matrix C\ we can use C\. In that 
case the equality (I4.56P has the form: 

(4.57) QCi = 0* on <912. 

We define TJ (<fr'B*V 0 ) on M 2 \12 by formula (12.8ft . Now let y = (yi, y 2 ) G f be an arbitrary 
point and z — y\ + iy 2 . Then, thanks to (I4.25h . for any sequence {yj} G K 2 \ 12 such that 
yj Gt/we have 

(4.58) ^ i (&B*V 0 )(y j )^Tl i (&B*V 0 )(y) as j^+ oo. 

Denote Zj = yj ,i + iyj:i- Indeed, by (12. 8 p and (14.251) the exist a constant C such that 


(4.59) 


\T- t 


B i 


(S'iTVoXvi) - T~ i (<b'B*V 0 )(y)\ < C ^ ||B*(0II 


Zj- C Z-( 


df- 
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Since by f!4.25j> || £>*(£) II If = 0 the sequence < ||£>*(£)|| 


is bounded in L°°(f2). 


Zj- C z-C 

Moreover for any positive 5 the above sequence converges to zero in L°°(f2 \ Thus, 

from these facts and (14.591) we have (14.581) immediately. 

By (14.561) and (14.571) we have 

n (i'B'vafe) = hcr 1 r„, 1 )(»)5; 1 (C 1 *4'B*V'„)( !/ ,) 


(4.60) 


+|cr'(l - r„,,)fe)^ 1 (Ci‘*'BVo)(ft) = 


- r o,ife)(c 1 l )*fe) 

7T 


-(1-r 0 ,i(^))(Ci )*(%•) 


r &d z (&czc 2 )b 

'n Zj ~ C 

' a($'qc 2 )b 




7T in - C 


de = 


’4^ ro ’i(^)( C 1 


(zq — fz/ 2 )0*4 ), b 


— (1 — r* 0 ,i(^))(C 1 )*(%•) — 


dan — C 

(z/i -iz/ 2 )0*i>'b 


da 


da = 0. 


/ an Zj £ 

Here, in order to obtain the last equality we used the fact that Zj ^ H and therefore the 
functions are antiholomorphic on f2. From (14.581) and (14.601) T~ ($'£>* Vo) If = 0. The 

z j C ^>1 1 

proof of remaining equalities in (j4.50[) is the same. Next we show that = 0. By 

(I3.22p . (13.421) we have 


I±A%) = f {Oi - ^2)((2C2Cib ±)i <F', b) + ( 2 $'C£Cia, a ±j£ )) 
dan L 

(4.61) + (zq + b) + b +ji ))j da. 

Since by (14.561) the restriction of the function C 2 C 1 on dfl coincides with the restriction of 
some antiholomorphic in function and by (14. 5 2ft the restriction of the function V%Vi on dfl 
coincides with the restriction of some holomorphic in 0 the equality ()4.61j) implies (14.511) . 
The proof of thee proposition is complete. ■ 

We use the above proposition to prove the following: 


Proposition 4.6. The following is true: 

(4.62) T'ty (B*V 0 ) = T^'B*V 0 ), 

(4.63) VTf Ri (JBU 0 ) = n B . {&BU 0 ). 

Proof. Denote r = <b'T~ (B*V 0 ) — T^(^'B*V 0 ). Then this function satisfies 

2<9yr — B\r = 0 in f2. 

By Proposition 14.51 

r|f = 0. 
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By uniqueness of the Cauchy problem for the d z operator r = 0. Proof of (14.63ft is the same. 

■ 

We use the Proposition 14.61 to prove the following: 

Proposition 4.7. Under conditions of Proposition |W2| we have 

(4.64) - ( BA 2 U 0l V 0 ) - (QWUo^i&Vo)) + (QU 0 ,V 0 ) = 0 on ft, 

and 

(■ iM)(2d s BU 0 ,V 0 ) + (BU 0 ,B*V 0 ) - (QU 0l V 0 ) - (Qi(2)P 0 , T*_ b *(BU 0 )) = 0 on O. 

Proof. We remind that satisfies (13.1ft . (13.2p and 

(4.66) Im$(x) ^ (Im$(x); x eH \ {5:}}. 

By Proposition 14.21 equality (14.21) holds true. Thanks to (14.66() . (14.251) and Proposition 14.61 
we can write it as 

(J± + K±)(x) + I ± ^(x) = 0 . 

This equality and Proposition 14.51 imply 

(4.67) (J± + K±)(x) = 0. 

By Propositions 14.11 and 14.61 we obtain 


3 v,*(gi, T^(BIA*V 0 ) - A*V 0 + 2 T | 1 (d z B*V 0 ) + ( B*(A* 2 V 0 - 2 r$V 0 ))) = 


(4.68) 

and 


'Si 

.1 


B P 


-2TdrA(h,Tl(B*^V 0 )) + o(^) = -2 Td T , £ (qi^'Tl(B*V 0 )) + o(-) = 


71 


(2d g q 1 ,T% i (B*V 0 ))(x) + o( z ) = 


2|det ip"(x)\ 


~ 2t5r,x( P -Az(AdzU Q + T&U 0 )) + Bd z U 0 . T , ( h ) = 

(4.69) 

By (l4~68l) and (14T91) 

(4.70) K + (x) = 


-2$ r (P*(AT&U 0 )),q 4 ) + o(~) = o(-). 

2 T T 


— . L-'.. mmx Sl (B-v„))(x) +o(l). 

2|det^"(x)|3 1 t 


In the similar way we compute K_{x) : 

S-T.xfe, Pl 2 (2^(Jw 0 ) - rT'2XW) - BY 0 + P1 2 (^FW 0 )) = 

-2r^_ r ,,(g 2 ,Pl 2 ($UWo)) + o(-) = o(-) 

T T 


(4.71) 
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and 

(4.72) 


- 2 3L T) *(g 3 , T*(2Ad z U 0 + 2 B(d- z U 0 + t$'U 0 ))) = 


-2$- T , s (q 3 ,r B .(TBi'U„)) + o(-) = ’^—— T (Q,(2)V 0 ,r B .(BU 0 )) + o(i). 

2 T 21 det ip"(x)\i 2 t 


By gup and gTj 
(4.73) AT(x) = 


—T_ T (Q 1 (2)Vi,n fl ;(BC/„)) + o(i). 

21 det ^"(x) 1 2 t 


Substituting into (14.671) the right hand side of formulae (14.70P and (|4.73[) we obtain (j4.64[) 
and (14.650 . 

Since by (j3.4[) for any x from exists a sequence of x e converging to x we rewrite equations 
(14.64(1 and (14.65(1 as 


(4.74) - (BA^Vo) - (&( l)U 0 ,T* §i (B*V 0 )) + ( QU 0 ,V 0 ) =0 in O 

and 

- (2dzBUo, Vo) - {BU 0 ,B*Vo) + ( QU 0 ,V 0 ) + (Qi(2)V 0 , T1 b *(BU 0 )) = 0 in ft. 

The proof of the proposition is complete. ■ 


5. Step 3: End of the proof. 


Let 7 be a curve, without self-intersections which pass through the point x and couple 
points X\,X 2 from T in such a way that the set 7 fl \ {xi,X 2 } is empty. Denote by fti 
a domain bounded by 7 and part of dfl located between points x\ and X 2 . Then we set 
ft li£ = {x G ft| dist(Qi, x) < e}. By Proposition 12.11 for each point x from ft 1)£ one can 
construct functions satisfying (13.51) . (13.281) such that 

U^ k \x) = e k , V 0 {e \x) = e £ Vfc, £ G {1,..., N}. 

Then for each x there exists positive 5(x) such that the matrices {Uq}} and {V^} are 
invertible for any x G B(x,5(x)). From the covering of Oi >e by such a balls we take the finite 
subcovering ft 1)£ C U ^ =1 B(xk,S(xh)). Then from (j4.74[) we have the differential inequality 

N 

(5.1) \d,Bij\ < C € (J2 |r: B .(B - C/7)l + |0| + |Q|) in 111,o Vi,j £ {1,..., N}. 

k=\ 

Let (j )o G C 2 ( ft) be a function such that 

(5.2) V0 o (t) ^ 0 in fti, < o! < 0, <7> 0 |y = 0, 

where v is the outward normal vector to fti i£ and Xe be a function such that 

X e G C 2 (Di je ), Xe = 1 in Oi, 
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and Xe = 0 in some neighborhood of the curve \ f. From (15.IF (14.50ft we have 

N 

(5.3) mxAj)\ < C.(E \x.Tl B .(B-ut)\ + \x,B\ 


k =1 


+\\Xe,dz]Bij\ + \XeQ\) in \/i,j e N}, 

XeB\ dSh, e = &(x e B)|«,i, = 0. 

Set i/jq = e x ^° with positive A sufficiently large. Applying the Carleman estimate to the 
above inequality we have 


(5.4) 


o 2ry 0 




N 

-\S7 X M + T\xA 2 )dx<C / (J2\XeTl m (B*U ( 

T Jni.' k =i 

+xl(\B\ 2 + |Q| 2 ) + \[ X e,d s }B\ 2 )e 2 ^°dx Vr > r 0 . 


(5.5) 

By the Carleman estimate for the operator d z and (I4.50jl there exist C and Tq independent 
of r such that 

(5.6) [ \ X eTl B ,(B*U^)\ 2 e 2T ^dx<C j (| [ Xe , d z ]Tl B * (S*t/f)| 2 + \ X eB*U {k) \ 2 )e 2 ^dx 


and 


(5.7) f \xeTl(B*V 0 {k) )\ 2 e 2 ^°dx<C j (|[ Xe , d^T^V^ 2 + \ X eB*V 0 {k) \ 2 )e 2 ^°dx 

j ni e j e 

for all r > r 0 . 

Combining estimates (15.51) . (I5.6[) we obtain that there exist a constant C independent of 
r such that 


(5.8) 


' ^1, 


e 2r *°(-\V(x.B)\ 2 + T\x<B\ 2 )dx 

T 


< 


r N 

c / (xlm 2 + \Q\ 2 ) + Y,\ix,,d,}Tl B ,(B'U^)\ 2 + \lx,,am 2 )e 2 ^dx Vr 

k= 1 


> T 0 . 


For all sufficiently large r the term J n \x e B\ 2 e 2r ^°dx absorbed by the integral on the left 
hand side. Moreover, thanks to the choice of the function Xe , we have supports of coefficients 
for the operator [ Xe , d s \ are located in the domain Hence one can write the estimate 

(15.8[) as 


(5.9) 


/ e 2T *HV(* e B)| 2 + r|xJ| 2 )cfc < C / ,\ 2 |fi| 2 e 2T *<fa 

'Ql,e T 

N 

r ( k )\\2 


+c / (J2\[Xe,d z ]T*_ B ,(B*U^)\ 2 + \[ X e,d 5 ]B\ 2 )e 2 ^dx Vr > r,. 

k=i 

By Proposition 12.11 for each point x from H one can construct such a function U^\Vq^ 
satisfying (13.50 . (j3.28[) such that 

ug\x) = e k , V 0 (e \x) = e e Vfc, i e {1,..., N}. 
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Then for each x G 0 1;e there exists positive S(x) such that the matrices {UqJ} and {VqJ} 
are invertible for any x G B(x,8(x)). From the covering of by such a balls we take the 
finite subcovering 0 C B(xk, 8(xk))- Then there exists C e such that 


r(3h 


N+N* 


(5.10) |C|<C e (|B|+ |r| i (B*V'„ ( ‘ ) )|) infJ li( . 

k=N +1 

Combining (15.7ft . (15.9ft and (15.1011 we obtain that there exists a constant C+, independent 

of T 

. . , N 


e^°(-\V( Xe B)\ 2 + T\ X eB\ 2 )dx<C 5 


*l,e 


N+N* 


(5.11) 


r(k) 




( k )\\2 


£ \[Xei d z )T^(B*V+')\ + \ [xe, dz]B\ 2 )e 2r ^°dx Vr > n. 


k=N +1 


By (15.21) for all sufficiently small positive e there exists a positive constant a < 1 such that 

(5.12) ip 0 (x) < a on 

Since x G supp B fl 7 and thanks to the fact d++ < a' < 0 there exists n > 0 such that 

(5.13) 


K,e r < / e 2 r ^°|x e B| 2 e 2 T ^°da; Vr > T\. 

J ill € 


By (15.121) we can estimate the right hand side of the inequality (15.91) as 




. N N+N* 

/ (£l[x«A]r! Ji3 (B*Of)l 2 + £ Ifc.sjTl.ie'v 

k =1 ■ 


N+N* 

f)\ 2 + £ l[xo9jn,(e*vf>' 


k=N+l 

(5.14) +| [Xe, d~\B\ 2 )e 2T ^°dx < C 6 e ar Vr > n, 

where C 5 , C 6 are positive constants independent of r. Using (15.131) and (15.141) in (I5.9jl we 
obtain 

ne T < C 7 e ar Vr > T\. 

Since a < 1 we arrived to the contradiction. Hence 


B = Q = 0 on Q\X ( 


CO- 


The proof of theorem is complete. 
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